Abstract. In this paper we consider a simplified model for a system of hydro-electric power stations with reversible turbines. The objective of our work is to obtain the optimal profit of power production satisfying restrictions on the water level in the reservoirs. Two different numerical approaches are applied and compared. These approaches center on global optimization techniques (Chen-Burer algorithm) and on Projection Estimation Refinement method (PER method) used to reduce the dimension of the problem.
INTRODUCTION
In [5] , it is considered a simplified model for a cascade of hydro-electric power stations where some of the stations have reversible turbines. The objective is to optimize the profit of power production. The problem is treated in the framework of optimal control theory and sufficient conditions of local optimality are deduced.
In this paper we consider a cascade with two hydro-electric power stations. The fluxes of water to turbine or pump on each power station are the controls and the maximization of the profit of energy sale is the objective function. The state variables represent the water volumes in reservoirs which are subject to some constraints. The presence of these constraints and the nonconvexity of the cost function contribute to the complexity of the problem.
After the discretization of our problem we obtain a problem of maximization of a indefinite quadratic form subject to linear constraints. The nonconvexity of the cost function enables the existence of several local maxima and the application of global optimization methods is necessary. We use the Chen-Burer algorithm developed to minimize general quadratic form subject to linear constraints in R n (for details, see [4] .)
Two different approaches are discussed and compared. In the first one, we directly apply the Chen-Burer algorithm. In the second approach we use a specific structure of the cost function that allows us to reduce the dimension of the problem constructing a projection of the set of feasible solutions onto a subspace of the cost function arguments. Then the Chen-Burer algorithm is applied to the projected low-dimensional problem. After that, an approximate solution to the original discrete problem is obtained solving a simple convex programming problem and is used as an initial guess for local optimization methods.
PROBLEM STATEMENT
For a cascade with 2 hydro-electric power stations, the dynamics of water volumes, V k (t), k = 1, 2, is described by the following control systemV 1 
where the controls u 1 (t)and u 2 (t) are the water flows for each reservoir, at time t, and A is the incoming flow.
The control variables and the water volumes satisfy the following technical constraints: Here V m k and V M k , k = 1, 2, stand for the imposed minimum and maximum water volumes, respectively; u m k and u M k , k = 1, 2, are the imposed minimum and maximum the water flows. The objective is to find optimal controlsû k (·) and respective volumesV k (·), that lead to an optimal management of water in the system:
where c(·) is the price of the energy, H k , k = 1, 2, are the liquid surface elevations and S k , k = 1, 2, are the areas of the reservoirs.
In this work we assume that the price c(·) takes constant values c 1 and c 2 , on the intervals [0,
, T ], respectively. With this c(·) and replacing the control variables by equivalent expressions obtained from the control system, we write (see [5] for details) the cost function as
The discretization of this problem is constructed in the following way. Let N be an even number. We define new variables x and y as
, and
The cost function takes the form
where a and b are appropriate vectors gathering the linear part of the cost relative to x and y and Q is an appropriate matrix defining the quadratic part of cost function. The constraints of the problem are translated into
NUMERICAL METHODS
We directly apply the Chen-Burer algorithm to the discretized problem. This algorithm combines a finite branching based on the first order Karush-Kuhn-Tucker conditions with polyhedral-semidefinite relaxations of completely positive programs (see [4] ). The time taken by this algorithm is very long and we consider another approach. Before applying Chen-Burer algorithm we reduce the dimension of the problem using the Projection Estimation Refinement method (PER) from [1] . With this method the orthogonal projection P of a polytope X onto a subspace is approximated by a sequence of polytopes P 0 , P 1 , ..., P k , ... that tend to P, and P k ⊂ P for all k. The number of vertices of polytopes increase by one at each iteration. Every next polytope is constructed on the basis of the previous one using procedures of computing the support functions for the projection P and Fourier-Motzkin convolution method ( [2] ). In [3] a robust algorithm for solving this problem was proposed.
For approximating polyhedra, two descriptions are constructed simultaneously, one as a set of their vertices and the other as a system of linear inequalities. Knowing inequalities of internal approximating sets and the values of the corresponding support functions, it is easy to find external approximating setsP 0 ,P 1 , ...,P k , which contain the projection P, i.e., P k ⊂ P ⊂P k for all k. The first two pictures in Fig.1 show an iteration on the constructing process of orthogonal projection. Computational details and a discussion of these techniques for polyhedral approximation can be found in [6] . Returning to our discretized problem, define a new variable z = b, y and exclude the variable V 1 (1) which can be written as
The cost function (1) can be expressed in terms of x, z
The projection of the set of feasible solutions onto the subspace of variables
is constructed using PER method. With this projection and cost function (2) we get an optimization problem in R 5 . The Chen-Burer algorithm is applied to this problem and a solution is obtained. A simple convex programming problem is then used to get an approximate solution to original discrete problem. Finally, this approximate solution is used now as an initial guess when applying a local optimization method. 
Results obtained with direct use of Chen-Burer Algorithm
Directly application of Chen-Burer algorithm to the discretized problem gives a solution shown in Fig. 2 . This global solution has cost 308.918 e. The execution time is 24 hours.
Results with PER method
Using PER method [1] we get a feasible set for the projected problem (exterior approximation with 15 inequalities). The Chen-Burer algorithm is applied to this problem and the obtained solution iŝ 
